Local thermal non-equilibrium effects on thermal convection in a rotating anisotropic porous layer by Shivakumara, I.S. et al.
Applied Mathematics and Computation 259 (2015) 838–857Contents lists available at ScienceDirect
Applied Mathematics and Computation
journal homepage: www.elsevier .com/ locate /amcLocal thermal non-equilibrium effects on thermal convection
in a rotating anisotropic porous layerhttp://dx.doi.org/10.1016/j.amc.2015.03.023
0096-3003/ 2015 Elsevier Inc. All rights reserved.
⇑ Corresponding author.
E-mail addresses: shivakumarais@gmail.com (I.S. Shivakumara), ravishmamatha@gmail.com (M. Ravisha).I.S. Shivakumara a,⇑, A.L. Mamatha b, M. Ravisha c
aDepartment of Mathematics, Bangalore University, Bangalore 560001, India
bDepartment of Mathematics, Smt. Rukmini Shedthi Memorial National Government First Grade College, Barkur 576210, India
cDepartment of Mathematics, Dr. G. Shankar Government Women’s First Grade College and Post Graduate Study Centre, Ajjarakadu, Udupi 576101, Indiaa r t i c l e i n f o
Keywords:
Anisotropy
Local thermal non-equilibrium (LTNE)
Convection
Rotation
Darcy modela b s t r a c t
Effects of local thermal non-equilibrium (LTNE) on thermal convection in a rotating ﬂuid-
saturated anisotropic porous layer are investigated. The analysis has been carried out by
constructing a simpliﬁed model consisting of six coupled nonlinear ordinary differential
equations. The study reveals the equivalence of linear and nonlinear stability boundaries
indicating the linearized instability theory captures completely the physics of the onset
of convection. Results show that the presence of rotation is to introduce oscillatory convec-
tion once the Taylor number exceeds a threshold value. The preferred mode of instability is
found to be inﬂuenced signiﬁcantly by the mechanical anisotropy parameter as well and it
is demonstrated that it has both stabilizing and destabilizing effects on the steady onset in
the presence of rotation. Besides, asymptotic analyses for small and large values of the
interphase heat transfer coefﬁcient are presented. Heat transport is calculated in terms
of Nusselt number. Also, the coupled nonlinear ordinary differential equations are solved
numerically using Runge–Kutta method and the transient behavior of Nusselt number is
demonstrated for various values of physical parameters.
 2015 Elsevier Inc. All rights reserved.1. Introduction
Buoyancy driven convection in a layer of porous medium heated from below using a local thermal non-equilibrium
(LTNE) model has received considerable attention of researchers in the recent past because of its numerous applications
in different ﬁelds of science and engineering such as tube refrigerators in space, nanoﬂuid ﬂows, fuel cells, resin ﬂow, pro-
cessing of composite materials, ﬂows in microchannels, nuclear reactor maintenance, heat exchangers, ﬂow in porous metal-
lic foams, convection in stellar atmospheres to mention a few (Virto et al. [1], Straughan [2] and references therein). In
particular, thermal instability in porous media using LTNE effects was considered by Banu and Rees [3] and Malashetty
et al. [4]. By performing the global nonlinear stability analysis on the problem, Straughan [5] demonstrated the equivalence
of linear and nonlinear stability limits. The growing volume of work devoted to this area of research has been reviewed
extensively and well documented in the literature [6–9].
Majority of the investigations on LTNE free convection in porous media have been dealt with isotropic porous materials.
However, most porous media encountered in nature and in industry are anisotropic in their mechanical and thermal proper-
ties. Anisotropy is particularly important in a geological context, because sedimentary rocks generally have a layered
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a characteristic of artiﬁcial porous materials like pelletting used in chemical engineering process and ﬁber material used in
insulating purpose. Furthermore, thermal conductivity of many sedimentary and metamorphic rocks is strongly anisotropic,
and lateral heat ﬂow will be signiﬁcant in such situations. Anisotropy effects in general have been reviewed by McKibbin
[10,11] and Storesletten [12,13]. Malashetty et al. [14] examined analytically the effect of anisotropy in permeability as well
as thermal diffusivities on the onset of convection in a porous medium using a LTNE model. Shivakumara et al. [15] inves-
tigated the effects of boundary and local thermal non-equilibrium on the criterion for the onset of convection in a sparsely
packed horizontal anisotropic porous layer.
The effect of rotation expressed as a Coriolis force plays a vital role on the onset of convection in porousmedia because of its
natural occurrence aswell as its utility in control of convection inmany technological problems.Qin andKaloni [16] studied the
effect of rotation on nonlinear thermal convection in a porous medium. Vadasz [17] used linear and weak non-linear stability
theories to study the effect of Coriolis force on gravity-driven convection in a rotating porous layer heated from below by
employing the modiﬁed Darcymodel. The differences as well as similarities between the porousmedium and pure ﬂuids con-
vection results arehighlighted in this study.Anexcellent reviewof researchon thermal convection in a rotatingporousmedium
has been given by Vadasz [18]. A nonlinear stability analysis for thermal convection in a rotating porous layer has been per-
formedby Straughan [19]while the effect of LTNEon such a studyhas beendiscussedby Straughan [5]. Govender [20] analyzed
the effect of Coriolis force on centrifugally driven convection in a rotating layer of porousmedium.Malashetty et al. [21] studied
linear and nonlinear thermal convection in a rotating porous layer using a thermal non-equilibriummodel. Shivakumara et al.
[22] investigated the effect of Coriolis force on linear and nonlinear thermal convection in a layer of rotating porous medium
using the Brinkman–Lapwood–Darcy model with ﬂuid viscosity different from Brinkman viscosity and uncovered the dual
behavior of permeability and ratio of viscosities on the onset of stationary convection under certain conditions. The inertia
effects on thermal convection in a horizontal layer of rotating Darcy porous medium has been considered by Falsaperla et al.
[23]. A limitednumberof studies have also beendealtwith the effect of anisotropyon convective instability in a rotatingporous
layer. Govender [24] studiedonset of convection in an anisotropic porous layer subject to centrifugal body force using theDarcy
model,while Govender andVadasz [25] investigated the effect ofmechanical and thermal anisotropies on the linear stability of
stationary convection in rotating porous media. The details are well documented in the book by Nield and Bejan [9]
The main objective of the present paper is to study the combined effects of inertia and LTNE on linear and nonlinear ther-
mal convection in a rotating anisotropic porous layer heated from below. Both mechanical and thermal anisotropies are con-
sidered. A simpliﬁed model is introduced to construct a system of autonomous nonlinear ordinary differential equations
with the properties that the linear theory and the ﬁnite amplitude solutions obtained up to second order in the amplitude
expansion, are identical to those obtained in the case of full problem. Besides, the nonlinear system of ﬁnite amplitude equa-
tions is solved numerically using Runge–Kutta method to know the transient behavior of Nusselt number.
2. Mathematical formulation
We consider an incompressible ﬂuid-saturated horizontal anisotropic porous layer of thickness d rotating with an angular
velocity ~X ¼ ð0; 0; XÞ about the vertical axis. A Cartesian coordinate system ðx; y; zÞ is chosen such that the origin is at the
bottom of the porous layer and the z- direction is denoted by the vector k^ with (^i; j^; k^) being the standard basis. Gravity acts
in the negative z-direction. The lower and upper surfaces of the anisotropic porous layer are held ﬁxed at constant tempera-
tures Tl and Tu (<Tl) respectively. The basic equations are:r:~q ¼ 0; ð2:1Þ
q0
e
@~q
@t
¼ rp 2q0
e
ð~X~qÞ þ qf~g  lK1 ~q: ð2:2Þ
eðq0cÞf
@Tf
@t
þ ðq0cÞf ð~q  rÞTf ¼ er  ðK  rTf Þ þ hðTs  Tf Þ; ð2:3Þ
ð1 eÞðq0cÞs
@Ts
@t
¼ ð1 eÞr  ðM  rTsÞ  hðTs  Tf Þ; ð2:4Þ
qf ¼ q0f1 bðTf  TlÞg: ð2:5Þ
Here,~q ¼ ðu;v;wÞ the velocity vector, Tf the temperature of the ﬂuid, Ts the temperature of the solid, p the pressure, qf the
ﬂuid density, l the ﬂuid viscosity, ~g the gravitational acceleration, e the porosity of the medium, c the speciﬁc heat, b the
coefﬁcient of thermal expansion, q0 the reference density and h is the inter-phase heat transfer coefﬁcient,
K ¼ Kh ð^i^iþ j^^jÞ þ Kv k^k^ the permeability tensor, K ¼ kfh ð^i^iþ j^^jÞ þ kfv k^k^ the thermal conductivity tensor of ﬂuid phase and
M¼ kshð^i^iþ j^^jÞ þ ksv k^k^ the thermal conductivity tensor of solid phase, where Kh is the permeability, kfh and ksh are respec-
tively, the thermal conductivity of ﬂuid and solid phases in the horizontal i^ and j^ directions, while Kv , kfv and ksv are the
corresponding values in the vertical k^ direction. The time derivative term is taken into consideration in Eq. (2.2) in order
to allow the possibility of oscillatory convection as substantiated by Vadasz [17].
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DT
d
zþ Tl; ð2:6Þwhere DT ¼ Tl  Tu and the pressure is of no consequence as we are going to eliminate the same. Now, we consider the sta-
bility of the system. To this end, we superimpose inﬁnitesimal disturbances on the basic state as follows:~q ¼~q0; p ¼ pbðzÞ þ p0; Tf ¼ TfbðzÞ þ T 0f ; Ts ¼ TsbðzÞ þ T 0s; ð2:7Þ
where the prime indicates that the quantities are inﬁnitesimal perturbations. Substituting Eq. (2.7) into Eqs. (2.1)–(2.5),
introducing the stream function w through u0 ¼ @w=@z;w0 ¼ @w=@x and non-dimensionalizing the variables by scaling x,
y and z by d, t by ðq0cÞf d2=kfv , w by ekfv=ðq0cÞf , T 0f and T 0s by DT , we obtain the following dimensionless equations (after drop-
ping the primes)@
@s
r2 þ @
2
@x2
þ 1
n
@2
@z2
 !
w
ﬃﬃﬃﬃﬃ
Ta
p @v
@z
þ R @Tf
@x
¼ 0; ð2:8Þ
@
@s
þ 1
n
 
v þ
ﬃﬃﬃﬃﬃ
Ta
p @w
@z
¼ 0; ð2:9Þ
v @
@s
 @
2
@z2
 gfr21
 !
Tf  HðTs  Tf Þ ¼ @w
@x
þ Jðw; Tf Þ; ð2:10Þ
va @
@s
 @
2
@z2
 gsr21
 !
Ts þ cHðTs  Tf Þ ¼ 0: ð2:11ÞIn the above equations, R ¼ bgKvDTd=emjfv is the Darcy-Rayleigh number, s ¼ vt is the rescaled time, v ¼ Pre=Da is the
Darcy–Prandtl number or the Vadasz number, Da ¼ Kv=d2 is the Darcy number, Pr ¼ mðq0cÞf =kfv is the effective Prandtl num-
ber, Ta ¼ ð2XKv=meÞ2 is the Darcy–Taylor number, H ¼ hd2=ekfv is the inter-phase heat transfer coefﬁcient, n ¼ Kh=Kv is the
mechanical anisotropy parameter, gf ¼ kfh=kfv is the ﬂuid phase thermal anisotropy parameter, gs ¼ ksh=ksv is the solid phase
thermal anisotropy parameter, c ¼ ekfv=ð1 eÞksv is the porosity modiﬁed conductivity ratio and a ¼ kfv=ksv is the ratio of
conductivities.
The boundaries are impermeable and assumed that the solid and ﬂuid phases have equal temperatures at the bounding
surfaces. Hence, the appropriate boundary conditions are:w ¼ @v
@z
¼ Tf ¼ Ts ¼ 0 at z ¼ 0;1: ð2:12ÞIt is seen that Eqs. (2.8)–(2.11) admit the solutionw ¼ AðsÞ sinðaxÞ sinðpzÞ;
Tf ¼ BðsÞ cosðaxÞ sinðpzÞ þ CðsÞ sinð2pzÞ;
Ts ¼ DðsÞ cosðaxÞ sinðpzÞ þ EðsÞ sinð2pzÞ;
v ¼ FðsÞ sinðaxÞ cosðpzÞ þ GðsÞ sinð2pxÞ; ð2:13a-dÞwhere the amplitudes A, B, C, D, E, F and G are functions of time and are to be determined from the dynamics of the system.
Substituting Eqs. (2.13a-d) into Eqs. (2.8)–(2.11) and neglecting all higher harmonics generated by their interactions, we
obtain the following nonlinear autonomous system of ordinary differential equations:dA
ds
¼ 1
d21
 1
n
p2 þ a2
 
A aRBþ pTaF
 
;
dB
ds
¼ 1v ½aA d
2
2Bþ HD paAC;
dC
ds
¼ 1v ð4p
2 þ HÞC þ HEþ pa
2
AB
h i
;
dD
ds
¼ 1va ½cHB d
2
3D;
dE
ds
¼ 1va ½cHC  ð4p
2 þ cHÞE;
dF
ds
¼ 1
n
F  pTaA; ð2:14a-fÞ
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These equations possess two signiﬁcant properties. First, the divergence of the ﬂow in phase space,@ _A
@A
þ @
_B
@B
þ @
_C
@C
þ @
_D
@D
þ @
_E
@E
þ @
_F
@F
¼  1
d21
1
n
p2 þ a2
 
þ d
2
2
v þ
ð4p2 þ HÞ
v þ
d23
vaþ
ð4p2 þ cHÞ
va þ
1
n
" #
; ð2:15Þis always negative and so the solutions are attracted to a set of measure zero in the phase space: this may be a ﬁxed point, a
limit cycle or a strange attractor. The dot above a quantity denotes the derivative with respect to time s. Second, the equa-
tions have an important symmetry as they are unchanged under the transformationðA;B;C;D; E; FÞ ! ðA;B;C;D; E;FÞ: ð2:16Þ3. Linear stability analysis
Since the solution of weakly nonlinear stability analysis depends on the eigenvalues of the linear stability problem, ﬁrst
the results of linear instability are obtained by neglecting the nonlinear terms from Eq. (2.14a-f) and seeking the solution in
the form expðrtÞ, where r is the growth rate. The process ﬁnally yields the following dispersion relation:rþ 1
n
 
rd21 þ
p2
n
þ a2
  
þ p2Ta
 
ðvrþ d22Þðvarþ d23Þ  cH2
n o
 Ra2 rþ 1
n
 
ðvarþ d23Þ ¼ 0: ð3:1ÞOne of the ways in which Eq. (3.1) may be used to examine the stability of the system will now be discussed. The parameters
Ta, H, n, gf , gs, a, v, c and a are taken as given but the Rayleigh number R is considered to be a free parameter and write Eq.
(3.1) asR ¼ 1
a2 rþ 1n
	 
 rd2 þ p2
n
þ a2
 
rþ 1
n
 
þ p2Ta
 
ðvrþ d22Þ 
cH2
ðvarþ d23Þ
( )
: ð3:2ÞNow we set the real part of r equal to zero and let r ¼ ix in the above equation. After clearing the complex quantities from
the denominator, Eq. (3.2) yieldsR ¼ 1
a2nð1þ n2x2Þðd43 þ a2v2x2Þ
ðD1 þ ixD2Þ; ð3:3ÞwhereD1 ¼ ðd43 þ a2v2x2Þ nð1þ n2x2Þ a2d22  d21vx2
 þ p2Tan3vx2 þ p2d22 1þ Tan2 þ n2x2  
 H2c nð1þ n2x2Þ a2d23 þ ad21vx2
  p2Taan3vx2 þ p2d23 1þ Tan2 þ n2x2  ;
D2 ¼ d43 þ a2v2x2
 
d21d
2
2n 1þ n2x2
 
d21d
2
2 þ a2v
 þ p2vþ p2Tan2 d22nþ v þ p2n2vx2  
þ H2c 1þ n2x2  a2av d21d23n þ p2Tan2 d23nþ av þ p2avð1þ n2x2Þ :Since R is a physical quantity, it must be real and from Eq. (3.3) it implies either x ¼ 0 or D2 ¼ 0. Accordingly, we obtain the
condition for the occurrence of stationary and oscillatory convection.
The stationary convection (direct bifurcation) corresponds to x ¼ 0 and it occurs atRs ¼ p
2ð1þ n2TaÞ þ na2 
na2
ðp2 þ gf a2Þðp2 þ gsa2Þ þ H cðp2 þ gf a2Þ þ ðp2 þ gsa2Þ
n oh i
ðp2 þ gsa2 þ cHÞ
: ð3:4ÞFor the isotropic case ðn ¼ gf ¼ gs ¼ 1Þ, the above expression for Rs reduces toRs ¼ d
2ðd2 þ p2TaÞ d2 þ Hð1þ cÞ 
a2ðd2 þ cHÞ ; ð3:5Þwhich coincides with the expression obtained by Straughan [19]. When H !1 (LTE case), Eq. (3.5) gives the classical result
obtained by Palm and Tyvand [26] for the problem of thermal instability in a rotating porous layer. That is,Rs
c
ð1þ cÞ ¼
d2ðd2 þ p2TaÞ
a2
: ð3:6ÞIf we set Ta ¼ 0 ¼ H in Eq. (3.4), we obtainRs ¼ ðp
2 þ na2Þðp2 þ gf a2Þ
na2
; ð3:7Þ
Table 1
Comparison of the asymptotic (A) and exact (E) values of the critical Darcy–Rayleigh number (Rsc) and the critical wave number (ac) for different values of H
with Ta ¼ 10 c ¼ 0:5, n ¼ 0:5, gf ¼ 5 and gs ¼ 5.
log10H R
s
cðAÞ acðAÞ RscðEÞ acðEÞ
2.0 472.154 3.4182 472.154 3.4182
1.0 472.774 3.4259 472.774 3.4259
0.0 478.811 3.4993 478.812 3.4996
1.0 528.822 3.8272 528.295 4.0147
3.0 1293.11 4.0687 1287.96 4.0792
4.0 1403.37 3.4722 1403.37 3.4722
5.0 1414.96 3.4227 1414.96 3.4227
0.01 0.1 1 10
0
1000
2000
3000
cR
ξ
0
 80
 40, 80, 120
 40
 0
Oscillatory
Stationary 
120Ta=
Fig. 1. Variation of Rc as a function of n for different values of Ta when gf ¼ 2 and gs ¼ 2.
The values of ðRcÞmin and ðncÞmin for various vales of Ta are also given.
842 I.S. Shivakumara et al. / Applied Mathematics and Computation 259 (2015) 838–857and this coincides with Epherre [27]. The asymptotic analyses for small and large values of H are carried out as outlined in
and the results are compared with those obtained from the exact formula given by Eq. (3.4) in Table 1 and good agreement is
found.
The oscillatory onset (Hopf bifurcation) corresponds to D2 ¼ 0 ðx– 0Þ in Eq. (3.3) and this gives a dispersion relation of
the formc1ðx2Þ2 þ c2ðx2Þ þ c3 ¼ 0; ð3:8Þ
wherec1 ¼ a2n2v2 ðd21d22nþ vp2 þ va2nÞ;
c2 ¼ H2cn2 ap2vþ a2nv d21d23n
 þ d21d22n3d43 þ d21d22na2v2 þ va2n3d43 þ v3a2na2 þ p2v2d43n2
þ a2v2 vþ Tan2v d22Tan3
 
;
3 6 9 12 15
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1000
R 0.35
0.4571 0.55
1
2
1
Oscillatory
Stationary 
ξ = 2
100
a
(a)
3 6 9 12 15
200
400
600
800
1000
(b)
R
0.1
0.5
1
2
10fη =
5
1 a
Oscillatory
Stationary 
100
Fig. 2. Neutral curves for different values of (a) n with gf ¼ 1 and (b) gf with n ¼ 1 when c ¼ 0:5, Ta ¼ 20, gs ¼ 1, a ¼ 0:01, H ¼ 100 and v ¼ 1.
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 þ H2c a2anv d21d23nþ p2avþ p2Tan2ðavþ d23nÞ :When D2 ¼ 0 ðx – 0Þ, Eq. (3.3) gives the condition for the occurrence of oscillatory convection and it occurs at R ¼ Ro, whereRo ¼
d43þa2v2x2
 
nð1þn2x2Þða2d22d21vx2Þþp2Tan3vx2þp2d22ð1þTan2þn2x2Þ
 H2c nð1þn2x2Þða2d23þad21vx2Þp2Taan3vx2þp2d23ð1þTan2þn2x2Þ h i
a2nð1þn2x2Þ d43þa2v2x2
  :
ð3:9ÞThe critical value of Ro with respect to the wave number is determined as follows. For ﬁxed parametric values, Eq. (3.8) is
solved ﬁrst to determine the positive values of x2. If there are none, then no Hopf bifurcation is possible. If there is only
one positive value of x2 then the critical value of Ro with respect to wave number is computed numerically from Eq.
(3.9). If there are two positive values of x2, then the minimum of Ro amongst these two x2 is retained to ﬁnd the critical
value of Ro with respect to the wave number.
3 6 9 12 15 18
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3 6 9 12 15
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50
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Fig. 3. Neutral curves for different values of (a) gs with H ¼ 100 and (b) H with gs ¼ 1 when c ¼ 0:5, Ta ¼ 20, n ¼ 1, gf ¼ 1, a ¼ 0:01 and v ¼ 1.
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The nonlinear system of autonomous differential equations (2.14a-f) is not amenable to analytical treatment, in general.
Nonetheless, for the steady case the solution can be obtained at once. Such solutions are useful because they predict that a
ﬁnite amplitude solution to the system is possible for subcritical values of the Rayleigh number or not and that the minimum
values of R for which a steady solution is possible lies below the critical values of Rs or Ro. Setting the left-hand sides of Eqs.
(2.14a-f) equal to zero and eliminating the amplitude F, we obtainfa2nþ p2ð1þ n2TaÞgAþ aRnB ¼ 0;
aAþ d22B HDþ paAC ¼ 0;
2ð4p2 þ HÞC  2HE paAB ¼ 0;
cHB d23D ¼ 0;
cHC  ð4p2 þ cHÞE ¼ 0: ð4:1a-eÞ
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critical values of a Rayleigh number and that the minimum values of ﬁnite amplitude Rayleigh number lies below the critical
for instability to either a marginal state or an overstable inﬁnitesimal perturbation.
Expressing the amplitudes B, C, D and E in terms A using Eq. (4.1a-e), we obtainFigB ¼  ad
2
3ð4p2 þ Hcþ HÞA
d22d
2
3  cH2
	 

4p2 þ Hcþ Hð Þ þ a2d23 4p2 þ cHð ÞðA2=8Þ
;
C ¼  1
p
a2d23ð4p2 þ HcÞðA2=8Þ
d22d
2
3  cH2
	 

ð4p2 þ Hcþ HÞ þ d23a2ð4p2 þ cHÞðA2=8Þ
2
4
3
5;
D ¼ acHð4p
2 þ Hcþ HÞA
d22d
2
3  cH2
	 

ð4p2 þ Hcþ HÞ þ d23a2ð4p2 þ cHÞðA2=8Þ
;
E ¼ a
2cHd23ðA2=8Þ
d22d
2
3  cH2
	 

ð4p2 þ Hcþ HÞ þ a2d23ð4p2 þ cHÞðA2=8Þ
: ð4:2a-dÞ3 6 9 12 15
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10
. 4. Neutral curves for different values of (a) a with v ¼ 1 and (b) v with a ¼ 0:01 when c ¼ 0:5, Ta ¼ 20, n ¼ 1, gf ¼ 1, gs ¼ 1 and H ¼ 100.
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Fig. 5. Neutral curves for different values of Ta when a ¼ 0:01, c ¼ 0:5, v ¼ 10, n ¼ 0:5, gf ¼ 2, gs ¼ 2 and H ¼ 100.
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Fig. 6. Variation of (a) Roc and (b) ac with log10H for different values of n with Ta ¼ 20, c ¼ 0:5, a ¼ 0:01 and v ¼ 10.
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d22d
2
3  cH2
	 

d23
þ a
2ð4p2 þ cHÞ
ð4p2 þ Hcþ HÞ
A2
8
 !24
3
5
18><
>:
9>=
>; ¼ 0: ð4:3ÞThe solution A = 0 corresponds to pure conduction, which we know to be a possible solution, though it is unstable when the
Rayleigh number R is sufﬁciently large. The remaining solutions are given byA2
8
¼ ð4p
2 þ Hcþ HÞ
ð4p2 þ cHÞ
 
Rn
a2nþ p2ð1þ n2TaÞ 
d22d
2
3  cH2
	 

a2d23
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:
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8
¼ ð4p
2 þ Hcþ HÞn
ð4p2 þ cHÞ a2nþ p2 1þ n2Ta  
" #
ðR RsÞ: ð4:5ÞThe expression for the ﬁnite amplitude Rayleigh number Rf is thus given byRf ¼ Rs þ ð4p
2 þ cHÞ a2nþ p2ð1þ n2TaÞ 
nð4p2 þ Hcþ HÞ
A2
8
 !
: ð4:6ÞFrom Eq. (4.6) it is observed that Rf attains its critical value at a2 ¼ a2c and A ¼ 0. As a result of this, it is noted that the critical
value of Rf for any chosen parametric values turns out to be same as that of steady onset indicating the equivalence of the
linear and weakly nonlinear stability boundaries. This observed result is in conformity with the isotropic case discussed by
Straughan [5] using global stability analysis.
Using Eq. (4.5) in Eq. (4.2b), we obtainC ¼  1
p
1 R
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Fig. 7. Variation of (a) Roc and (b) ac with log10H for different values of gf with Ta ¼ 20, c ¼ 0:5, a ¼ 0:01 and v ¼ 10.
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In the study of convection, the quantiﬁcation of heat transport is important. This is because onset of convection, as
Rayleigh number is increased, is more readily detected by its effect on the heat transport. If H is the rate of heat transport
per unit area for the ﬂuid phase, thenH ¼ jf
@Tf total
@z
 
z¼0
; ð4:8Þwhere the angular brackets correspond to a horizontal average andTf total ¼ Tl  DT
z
d
þ Tf ðx; z; tÞ: ð4:9ÞSubstituting Eq. (4.1b) into Eq. (4.9) and using the resultant equation in Eq. (4.8), we getH ¼ jfDT
d
ð1 2pCÞ: ð4:10Þ
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H
jfDT=d
¼ 1 2pC: ð4:11ÞSubstituting Eq. (4.7) into Eq. (4.11), one can obtainNu ¼ 1þ 2 1 R
s
R
 
: ð4:12Þ5. Results and discussion
Thermal convective instability in a rotating anisotropic porous layer is investigated using a local thermal non-equilibrium
(LTNE) model. A weakly nonlinear stability analysis is carried out by constructing model equations using minimal represen-
tation of Fourier series and established the equivalence of the linear and weakly nonlinear stability boundaries indicating the
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850 I.S. Shivakumara et al. / Applied Mathematics and Computation 259 (2015) 838–857linearized instability theory captures completely the physics of the onset of convection. In addition, the heat transport is cal-
culated in terms of Nusselt number and streamlines and isotherms are exhibited for some chosen parametric values.
From Eq. (3.4) it is noted that@Rs
@n
¼ p
2
a2
 1
n2
þ Ta
  p2 þ gf a2	 
ðp2 þ gsa2Þ þ H cðp2 þ gf a2Þ þ ðp2 þ gsa2Þn oh i
ðp2 þ gsa2 þ cHÞ
: ð5:1ÞAt Ta ¼ 0, it is observed that Rs is a decreasing function of mechanical anisotropy parameter n indicating its effect is to hasten
the onset of convection. When Ta–0, however, it is seen that the right-hand side of Eq. (5.1) may be either negative or posi-
tive depending on the value of Ta and n. That is to say that an increase in the value of n may not be always a destabilizing
factor and may stabilize the rotating ﬂuid saturated anisotropic porous layer. In fact Rs attains its minimumwith respect to n
at n ¼ 1=
ﬃﬃﬃﬃﬃ
Ta
p
, below this value the system becomes unstable and above which the system becomes stable. Thus, in the pres-
ence of rotation the mechanical anisotropy parameter plays a dual role on the stability characteristics of the system. This
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wave number, passes through a minimum with increasing n for values of Ta–0. In other words, n exhibits both destabilizing
and stabilizing effects on the stationary onset in the presence of rotation. To the contrary, it is observed that the critical
Rayleigh number Roc for the oscillatory case decreases with increasing n for all values of Taylor number and thereby showing
it has only destabilizing effect on the oscillatory onset. From the ﬁgure it is also evident that, for a ﬁxed value of non-zero
Taylor number, steady convection is preferred up to certain value of n and exceeding which the instability switches over to
oscillatory type as the curves of Rsc and R
o
c intersect.
Figs. 2–5 show the neutral stability curves on the ðR; aÞ-plane. The solid and dashed curves represent the stationary and
the oscillatory modes, respectively. Fig. 2a shows the neutral curves for several assigned values of mechanical anisotropy
parameter n. From the ﬁgure it is seen that the inﬂuence of n on the stability of the system depends on the nature of onset
852 I.S. Shivakumara et al. / Applied Mathematics and Computation 259 (2015) 838–857of convection viz., steady or oscillatory. It is observed that increasing n is to increase the steady onset Rayleigh number while
opposite is the trend with oscillatory onset Rayleigh number. A closer inspection of the ﬁgure further reveals that there exists
a threshold value of nð¼ nÞ below which the preferred mode of instability is via stationary convection and beyond which the
convection sets in as oscillatory motions. For the chosen values of Ta ¼ 20, gs ¼ 1 ¼ gf , a ¼ 0:01, H ¼ 100 and v ¼ 1 it is
found that the value of n ¼ 0:4571. Fig. 2b indicates that increasing the ﬂuid phase thermal anisotropy parameter gf is
to increase the region of stability and a similar trend could be seen with increasing solid phase thermal anisotropy parameter
gs (Fig. 3a). The region of stability increases with an increase in the value of interphase heat transfer coefﬁcient H (Fig. 3b).
Besides, oscillatory convection is the preferred mode of instability for all the values of gf , gs and H considered. The ratio of
conductivities a (Fig. 4a) and the Darcy–Prandtl number v (Fig. 4b) affect only the onset of oscillatory convection and their
effect is to increase the region of stability. Moreover, the oscillatory neutral curves for different values of a bifurcate from the
stationary neutral curve at the same wave number. Fig. 5 exhibits the neutral curves for different values of Tawhen a ¼ 0:01,-2 0 2 4 6
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I.S. Shivakumara et al. / Applied Mathematics and Computation 259 (2015) 838–857 853c ¼ 0:5, v ¼ 10, n ¼ 0:5, gf ¼ 2, gs ¼ 2 and H ¼ 100. There exists a threshold value of Tað¼ Ta) below which stationary and
above which oscillatory convections are the preferred mode of instabilities. For the chosen parametric values, it is found that
Ta ¼ 21:621.
The variation of critical stability parameters ðRoc ; acÞ is shown in Figs. 6–12 as a function of log10H for various values of
physical parameters since the oscillatory convection is the preferred mode of instability. The results for n ¼ gf ¼ gs ¼ 1
0 1000 2000 3000 4000 5000 6000
1.0
1.5
2.0
2.5
3.0
50
30
50
30
20
ηf = 1, ηS = 1, ξ = 1
ηf = 2, ηS = 2, ξ = 2
R
Nu
20Ta =
(a)
0 1000 2000 3000 4000 5000 6000
1.0
1.5
2.0
2.5
2.8
100
1000
H = 0
1000
100
0
ηf = 1, ηS = 1, ξ = 1
ηf = 2, ηS = 2, ξ = 2
R
Nu
(b)
0 1000 2000 3000 4000 5000 6000
1.0
1.5
2.0
2.5
5
2.8
5
0.001
γ = 100
0.001
100
ηf = 1, ηS = 1, ξ = 1
ηf = 2, ηS = 2, ξ = 2
R
Nu
(c)
Fig. 14. Variation of Nu with R for different values of (a) Ta with c ¼ 0:5, H ¼ 100. (b) H with Ta ¼ 50, c ¼ 0:5 and (c) c with Ta ¼ 50, H ¼ 100.
854 I.S. Shivakumara et al. / Applied Mathematics and Computation 259 (2015) 838–857correspond to isotropic case. The effect of decreasing mechanical anisotropy parameter n is to delay the onset of convection
(Fig. 6a) and to increase the critical wave number (Fig. 6b). This is because, decrease in n corresponds to smaller horizontal
permeability which in turn hinders the motion of the ﬂuid in the horizontal direction. As a consequence, the conduction pro-
cess in the rotating porous medium becomes more stable and hence higher values of Rayleigh number are needed for the
onset of convection. The larger resistance to horizontal ﬂow also leads to a shortening of the horizontal wavelength (i.e.,
increase in the horizontal wave number) at the onset of convection. To the contrary, decrease in the value of gf (Fig. 7a)
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I.S. Shivakumara et al. / Applied Mathematics and Computation 259 (2015) 838–857 855and gs (Fig. 8a) hasten the onset of convection. This may be attributed to the fact that, as gf or gs decreases the horizontal
thermal diffusivity also decreases. Thus heat cannot be transported through the rotating porous layer freely and hence the
horizontal temperature variations in the ﬂuid required to sustain convection are less efﬁciently dissipated for small gf or gs.
Hence, the base state becomes less stable leading to the onset of convection at lower values of the Rayleigh number. The
856 I.S. Shivakumara et al. / Applied Mathematics and Computation 259 (2015) 838–857critical wave number is found to increase with decreasing gf (Fig. 7b) and gs (Fig 8b). From Fig. 8a and b it is further seen that
Roc and ac remain unaltered for different values of gs at smaller values of H (LTE limit).
The effect of rotation is to delay the onset of convection because its effect is to suppress vertical motion and thereby
restricts the motion to the horizontal plane (Fig. 9a). It is observed that Roc values increase with increasing log10H but oppo-
site is the case with ac (Fig. 9b). Moreover, increasing the Taylor number is to increase the critical wave number and hence its
effect is to diminish the size of convection cells. The inﬂuence of ratio of conductivities a and the porosity modiﬁed conduc-
tivities ratio c on the stability characteristics of the system is illustrated respectively in Figs. 10 and 11. From these ﬁgures it
is noted that the curves of Roc and ac for different values of a and c coalesce at smaller values of H while they exhibit con-
trasting behavior on the stability of the system at moderate and higher values of H. It is also observed that the effect of
increasing a is to delay the onset of convection (Fig. 10a) and also to increase the critical wave number (Fig. 10b). But the
trend noticed with increasing c is found to be opposite in nature (Fig. 11a and b). The effect of Darcy–Prandtl number v
on Roc and ac is displayed in Fig. 12a and b respectively. The ﬁgures reveal that the rotating porous layer gets stabilized as
the value of Roc increases with increasing v (Fig. 12a) and also there is an increase in the critical wave number with v
(Fig. 12b).
A general observation that can be made from the results presented in Figs. 6–12 is that the stability characteristics of the
system is independent of H when H << 1 and H >> 1 but found to be signiﬁcant only at intermediate values of H. This may
be attributed to the fact that, when H ! 0, there is almost no transfer of heat between the ﬂuid and solid phases and the
properties of solid phase have no signiﬁcant inﬂuence on the onset of convection. On the other hand, when H !1, the ﬂuid
and solid phases have almost equal temperatures and therefore may be treated as a single phase. Between these two extreme
cases, H gives rise to a strong non-equilibrium effect and its effect is to make the system more stable. Moreover, the critical
stability parameters Roc and ac values for the isotropic case (n ¼ gf ¼ gs ¼ 1) are higher than those of anisotropic case of
n ¼ gf ¼ gs ¼ 2.
The vigor of convection is measured by the heat transfer across the porous layer and is calculated in terms of Nusselt
number Nu. The variation of Nusselt number with Rayleigh number is shown in Figs. 13a–c and 14a–c for different values
of physical parameters and it is seen that the Nusselt number increases with the increase in the value of Rayleigh number.
Fig. 13a–c respectively show the variation of triplets (n, gf , gs) on the Nusselt number. For the parametric values chosen,
increasing n, gf and gs is to decrease the Nusselt number and hence their effect is to reduce the heat transfer across the por-
ous layer. Further, the effect of gs on the heat transfer is found to be not so signiﬁcant compared to other two anisotropic
parameters. The effect of increasing the Taylor number and interphase heat transfer coefﬁcient is to lower the values of
Nusselt number reiterating their stabilizing inﬂuence on the system while increasing c shows an opposite behavior on
the heat transfer. These facts are evident from the variation of triplets (Ta, H, c) exhibited on Nu in Fig. 14a–c respectively.
The values of Nu for the isotropic case n ¼ 1 ¼ gf ¼ gs are higher correspond to the anisotropic case of n ¼ 2 ¼ gf ¼ gs.
The nonlinear autonomous system of differential equations given by Eq. (2.20a-f) is solved numerically with appropriate
initial conditions and the transient behavior of the Nusselt number is displayed in Fig. 15a–f for selected values of physical
parameters. It is observed that there is an excellent agreement between the steady state values of Nu obtained analytically
and the transient Nu computed numerically for large time t.
6. Conclusions
Thermal convective instability in a horizontal ﬂuid-saturated anisotropic porous layer rotating about a vertical axis is
investigated when the ﬂuid and solid phases of the porous medium are in local thermal non-equilibrium (LTNE). It is found
that, depending on the parametric values, there exists a threshold value of mechanical anisotropy parameter as well as
Taylor number below which the preferred mode of instability occurs via stationary convection and beyond which the con-
vection sets in as oscillatory convection. The system behaves like a LTE model at large and small values of interphase heat
transfer coefﬁcient, while the intermediate values show strong inﬂuence on both stationary and oscillatory modes. The rota-
tion has stabilizing effect on both stationary and oscillatory convection. Although the effect of increasing mechanical aniso-
tropy parameter is to hasten the onset of steady convection in the absence of rotation, it shows both stabilizing and
destabilizing effects in the presence of rotation. Nonetheless, the onset of oscillatory convection in the presence of rotation
is advanced with increasing mechanical anisotropy parameter. The effect of increasing thermal anisotropy parameters is to
delay the onset of both steady and oscillatory convection. Since there is no transfer of heat between the solid and ﬂuid phases
at small values of interphase heat transfer coefﬁcient, the ratio of conductivities and porosity modiﬁed conductivity ratio
found to have no inﬂuence on the onset criterion. At higher values of interphase heat transfer coefﬁcient, however, their
effect is to delay and hasten the onset of oscillatory convection, respectively. Besides, the effect of Vadasz number is to delay
the onset of oscillatory convection. The weakly nonlinear stability analysis carried out reveals the equivalence of linear and
weakly nonlinear stability boundaries. Increase in the values of thermal anisotropy parameters is to decrease the Nusselt
number and hence their effect is to reduce the heat transfer across the porous layer. The rotation and the interphase heat
transfer coefﬁcient have a retarding effect on heat transfer, while the porosity modiﬁed conductivity ratio has enhancing
effect. The heat transfer for the isotropic case is higher compared to the anisotropic case. The transient Nusselt number com-
puted compare well with the results of steady state Nusselt number at large time t.
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